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SUMMARY
• Use AI techniques to find narrow admissible tuples,

a case of pure mathematics applications

– Formulate the original problem into a combi-
natorial optimization problem

– Exploit the local search structure for reduction
in search space & elimination in search barriers

– Realize search strategies for tackling problem
structure & escaping from local minima

• Shed light on exploiting the local problem structure
for efficient search in combinatorial landscapes as an
application of AI to a new problem domain

BASIC PROBLEM FORMULATION
In number theory, a k-tupleHk = (h1, . . . , hk) is admissible
if φp(Hk) < p for every prime p, where φp(H) denotes
the number of distinct residue classes modulo p occupied
by the elements in Hk. The objective is to minimize the
diameter ofHk, i.e., d(Hk) = hk − h1, for a given k.

• Motivated by the two long-standing H-L conjectures

• Recently used in finding bounded intervals contain-
ing multiple primes

[Constraint Optimization Model] For a given k, and the
required number set V and prime set P , the objective is
to find a number set H ⊆ V with the minimal d(H) value,
subject to the constraints |H| = k andHk is admissible.

[Auxiliary Data Definitions] (H,P) → {Rv} → M → F ,
where rv,i = vmod pi, mi,j is the count of numbers in H
occupying each residue class modulo pi, fi is the count of
zero elements in the ith row ofM.

Property 2 (Admissibility) H is admissible if fi > 0, ∀i.

Property 5 (Offsetting) For any admissible H̃k, H[c]
k =

(h1 + c, . . . , hk + c) is admissible, d(H[c]
k ) = d(H̃k).

Property 6 (Subsetting) Any subset of H̃ is admissible.

REDUCTION AND DECOMPOSITION
[Problem Reduction] Obtain effective V and P (Alg. 1)

• Use the rigid set PR to sieve the numbers in V

• Use the remaining V to eliminate the loose set PL

[Problem Decomposition] Solve a list of subproblems

• Each subproblem takes each v ∈ V as the starting
point h1 to obtain the minimal diameter as f∗(v)

• Return the best result on the fitness landscape f∗(v)

f(v): the minimal d for admissible k-tuples starting at v

Snapshot of the virtual fitness landscape f(v) for k = 4000
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BASIC OPERATIONS
• Elemental 1-moves: adding/removing a number v

• VioCheck: Precheck the violation count as adding v

• Possess the connectivity property for eachH ∈ V

• Each operation only costs O(|P|) in usingM and F

• The focus is on searching between admissible states

SEARCH ALGORITHM
RALS Algorithm:

• Update the virtual fitness landscape f(v) (as DB)

• Lines 4-5: Lateral search for a promising start v on f

• Lines 6-7: Extensive local search to obtain f∗ near v

Lateral Search: Adaptive search in the rugged landscape

• DBSelect: Find a promising region, based on a mixed
form of tournament selection and random selection

• ShiftSearch: Follow the acceptance style in annealing

Local Search: Efficiently search in a large neighborhood

• Target scarce feasible moves through V ioCheck info

• Make greedy search with one and more 1-moves
(might be in a large neighborhood) at level 0 and 1

• Take plateau moves to find exits at level 2

RESULTS
Results by Existing Methods: [Polymath, 2014a; 2014b]

• Most methods are constructive and sieve methods

• Empirically, the bound is H(k) ≤ k log k + k + o(1)

• Online database [Sutherland, 2015] for k ≤ 5000

Results by RALS Algorithm: Different Parameters

• T = 0: The best results by the shifted greedy sieve

• Level,NI1, NI2: Local search with different levels,
iterations, and contraction depths

• γ: The region selection with different randomness

Results by RALS Algorithm: Detail result statistics of
“BaseVer” with γ = 0.1, NI2 = 10, with high SuccRate
as T = 1000, and reasonable good as T = 100.

Results by RALS Algorithm: New upper bounds for 48
instances, with 8 of them have δd ≥ 10, as k ∈ [2500, 5000].

FUTURE WORK
• Deeper analysis to identify more local search properties

• Toward general optimization with advanced AI strategies


